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The γ parameter in Brans-Dicke-like (light-)Scalar-Tensor theory with a universal
scalar/matter coupling
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The post-Newtonian parameter γ resulting from a universal scalar/matter coupling is investigated
in Brans-Dicke-like Scalar-Tensor theories where the scalar potential is assumed to be negligible.
Conversely to previous studies, we use a perfect fluid formalism in order to get the explicit scalar-
field equation. It is shown that the metric can be put in its standard post-Newtonian form. However,
it is pointed out that 1−γ could be either positive, null or negative for finite value of ω0, depending
on the coupling function; while Scalar-Tensor theories without coupling always predict γ < 1 for
finite value of ω0.
PACS numbers: 04.25.Nx, 04.50.Cd, 04.50.Kd
Keywords: Post-Newtonian,scalar-tensor theories, dilaton
I. INTRODUCTION
Brans-Dicke-like scalar-tensor theories are known to be
good alternative candidates to General Relativity (GR)
[1–4]. Similar theories with both scalar/curvature and
scalar/matter couplings generically appear in (gravita-
tional) Kaluza-Klein theories with compactified dimen-
sions [5, 6], or in string theories at the low energy limit
[7–10]. From a more phenomenological point of view, it
seems that some restrictions, such as gauge and diffeo-
morphism invariance, single out such type of theories as
well [11]. Recently, scalar/matter couplings have been
introduced in several different type of theories: in f(R)
gravity [12–20], in Brans-Dicke theories [21–23], or in the
so-called MOG (MOdified Gravity) [24, 25]. Such theo-
ries are often invoked as a possible explanation for dark
Energy – which is generically attributed to a scalar field
[26] –, for the possible observed variation of the fine struc-
ture constant in both time [27] and space [28, 29], for (at
least) some phenomena usually attributed to dark mat-
ter; or to generically predict violations of the equivalence
principle [7, 30–33].
The post-Newtonian phenomenology of theories with
scalar/matter coupling has partially been studied, no-
tably in [7, 32, 34]. These studies concentrate on a pos-
sible dynamical decoupling mechanism that would allow
theories with a scalar/matter coupling to pass Solar sys-
tem tests on the various versions of the equivalence Prin-
ciple. Among other results, they find that after decou-
pling, the post-Newtonian parameter of such theories has
to be very close to one; but is always less than one, just
as in regular Brans-Dicke scalar-tensor theories. Here
we demonstrate with a very simple calculation that the
very last statement is not true in general: depending on
the scalar/matter coupling function, the post-Newtonian
parameter can be less, equal or more than one.
Our result is based on a perfect fluid approach while
the mentioned previous studies are based on a non-
interacting particles approach. After re-writing our equa-
tions in the so-called Einstein representation, we demon-
strate that the difference between [7, 34] and this paper is
not due to the different formalisms used (non-interactive
point particles versus perfect fluid); but rather comes
from on a wrong property assumed in [7, 34].
In section II, we derive the equations of motion com-
ing from the considered action. Then, in section III we
concentrate on the post-Newtonian parameter γ resulting
from such theories. In section IV we make the connection
with the results presented in [7, 34]. Finally, we give our
conclusions in V.
II. EQUATIONS OF MOTION
The action describing Brans-Dicke-like theories with a
universal scalar/matter coupling can be written as fol-
lows:
S =
∫
d4x
√−g
(
ΦR− ω(Φ)
Φ
(∂σΦ)
2
+ 2f(Φ)Lm(gµν ,Ψ)
)
,
(1)
where g is the metric determinant, R is the Ricci scalar
constructed from the metric gµν , Lm is the material
Lagrangian and Ψ represents the non-gravitational fields.
From this action, and defining
Tµν = − 2√−g
δ(
√−gLm)
δgµν
, (2)
one gets the following equations of motion:
Rµν − 1
2
gµνR =
f(Φ)
Φ
Tµν +
ω(Φ)
Φ2
(∂µΦ∂νΦ− 1
2
gµν(∂αΦ)
2)
+
1
Φ
[∇µ∇ν − gµν]Φ, (3)
and
2ω(Φ) + 3
Φ
Φ =
f(Φ)
Φ
T − 2f,Φ(Φ)Lm − ω,Φ(Φ)
Φ
(∂σΦ)
2.
(4)
2III. THE PARAMETER γ
In this section, we are interested in showing that the
parameter γ can take different values than usually ex-
pected. Therefore we develop the equations at the c−2
level only. Let us write the perturbations of the fields as
follow:
Φ = Φ0 + c
−2ϕ (5)
gµν = ηµν + c
−2hµν +O(c
−3), (6)
where ηµν is the metric of Minkowki and Φ0 is constant
background field 1. Now, if one assumes the conservation
of the matter fluid current (∇σ(ρUσ) = 0, where c2ρ is
the rest mass energy density and Uα the four-velocity
of the fluid), one has Lm = −ǫ, where ǫ is the total
energy density [14, 38–42]. Therefore, at the first order in
the post-Newtonian development, one has Lm = −c2ρ+
O(c0) = T +O(c0). Hence, equations (3) and (4) can be
re-written at the first perturbative order as follows:
Rµν =
f(Φ0)
Φ0
(
T µν − 1
2
gµνT
)
(7)
+
1
Φ0
(
∂µ∂ν +
1
2
gµν△
)
Φ+O(c−3),
2ω + 3
Φ0
Φ = (1 + Υ)
f(Φ0)
Φ0
T +O(c−3), (8)
where
Υ ≡ −2 Φ0 ∂ ln f(Φ)
∂Φ
|Φ0 . (9)
Defining
σ ≡ T 00/c2 +O(c−2), (10)
Geff ≡
(
1 +
1 + Υ
2ω0 + 3
)
c4
8π
f(Φ0)
Φ0
, (11)
γ ≡ 2ω0 + 2−Υ
2ω0 + 4 + Υ
, (12)
where ω0 = ω(Φ0), the previous equations can be re-
written as follows:
R00 = c−2 {4πGeffσ} +O(c−3), (13)
Rij = c−2
{
−δijγ4πGeffσ + 1
Φ0
∂i∂jϕ
}
+O(c−3)(14)
1
Φ0
△ϕ = − 2 + 2Υ
2ω0 + 4 + Υ
4πGeffσ +O(c
−1). (15)
It is then straightforward to show that the metric solution
can be put under the following standard post-Newtonian
1 For basic principles about post-Newtonian developments, see for
instance [35–37] and references therein. In A, we recall the reason
why the perturbation of the scalar field can be developed using
the same small parameter as with the metric.
form:
g00 = −1 + c−2 2w
c2
+O(c−3), (16)
g0i = O(c
−3), (17)
gij = δij
(
1 + c−2
2γw
c2
)
+O(c−3), (18)
where γ is indeed a constant given by (12), and where w
satisfies the equation of Newton at the first perturbative
order :
△w = −4πGeffσ +O(c−1). (19)
The important fact to notice is that, depending on the
value of Υ (and thus depending on the coupling function),
1 − γ could be either positive, null 2 or negative; while
STT without coupling predict a positive value for finite
value of ω0. In particular, let us notice that f(Φ) ∝
Φ (such as for the low energy action of string theories
at tree-level [34]) leads to γ > 1. Otherwise, it is also
interesting to note that f(Φ) ∝ √Φ implies γ = 1 [44] 3.
IV. THE STRING DILATON CASE
Let us remind that the action (1) is a generalization
of the low-energy action predicted by string theories at
tree-level (see equation (1) in [34]); and a special case of
the assumed action after full string loop expansion (see
the second action in [7]).
As one can see, [7, 34] do not predict that the post-
Newtonian constant γ could be more than, or equal to
one; while the main result of the present paper is to show
that the scalar/matter coupling implies that γ could be
exactly equal to one, or be either less or more than one
– depending on the coupling function f(Φ). However, [7,
34] based their results on a non-interactive point-particle
formalism; while the present paper is based on a perfect
fluid formalism. Therefore, at a first glance, it seems that
the two formalisms lead to different results.
However, it turns out that [7, 34] have a mistake in the
definition of a coupling parameter. This mistake leads to
the apparent difference of results between the two for-
malisms. Indeed, as matter of fact, the two formalisms
are equivalent for pressure-less fluids [42] and therefore
one should expect that the two formalisms predict the
same outcome in this limit.
[7, 34] work in the Einstein representation (also known
as the Einstein frame) such that, with the notations of
2 See also the paper of Moffat and Toth [43] in which they explored
such a possibility in order to argue the possible solar system
viability of Modified Gravity Theory (MOG) [24, 25].
3 One can show that it implies β = 1 as well [44].
3the present paper, their action writes:
SDamPoly =
∫
d4x
√
−g˜
(
1
4q
R˜− 1
2q
(∇ϕ)2
)
−
∑
particles
∫
m˜(ϕ)cds˜, (20)
where q is a coupling constant, m˜ is the mass of parti-
cles in the Einstein representation and g˜αβ is the met-
ric in the Einstein representation – related to the orig-
inal representation by the conformal scalar Bg through
g˜αβ = CBg gαβ , where C is some numerical constant.
The resulting equations of motion write:
R˜µν = 2∂µϕ∂νϕ+ 2q
(
T˜µν − 1
2
gµν T˜
)
, (21)
˜ϕ˜ = −qαT˜ , (22)
where α is defined in [7, 34] as α = ∂ ln m˜/∂ϕ and where
we considered only one gravitational source (one particle)
in order to simplify the notations 4. Then, [7, 34] use
an equation given in [4] that gives the parameter γ as
a function of the coupling parameter α. The equation
reads
γ − 1 = − 2α
2
1 + α2
|Φ0 , (23)
such that γ < 1 for finite real value of α|Φ0 . The im-
portant point to notice is that in (2.7d) in [4], α is de-
fined as α = ∂ lnA/∂ϕ – where A is the square-root of
the conformal factor given by g˜αβ = A
−2(ϕ)gαβ. Thus,
identifying the definitions used in [4] and in [7], one has
CBg = A
−2 – and identifying with the notations of the
current paper, one has Φ = CBg = A
−2. On the other
hand in [7, 34], α is defined as α = ∂ ln m˜/∂ϕ, where m˜
is the mass of the particle in the Einstein representation.
In usual Brans-Dicke-like theories (ie. when f(Φ) is a
constant) ∂ lnA/∂ϕ = ∂ ln m˜/∂ϕ since in that case one
simply has m˜ = A m, where m is the constant mass of
the particle in the Jordan representation. However, the
equality does not hold in the general case when f(Φ) is
not a constant, and one has ∂ lnA/∂ϕ 6= ∂ ln m˜/∂ϕ in
general. Indeed, in general one has:
∂ ln m˜(A(ϕ), f(ϕ))
∂ϕ
=
∂ ln m˜(A(ϕ), f(ϕ))
∂A
∂A
∂ϕ
(24)
+
∂ ln m˜(A(ϕ), f(ϕ))
∂f
∂f
∂ϕ
.
And because f(ϕ) is in general independent to A(ϕ), the
last terms in (24) shows that ∂ lnA/∂ϕ 6= ∂ ln m˜/∂ϕ in
4 Indeed, the paper deals with notations introduced in more than
two papers and might become unnecessary difficult to follow
without this simplification – that does not change the discus-
sion otherwise.
general. Now in particular, let us notice that [7] assume
that
m˜ = µB−1/2g e
−8pi2νBgΛ, (25)
where µ and ν are pure number of the order of unity and
Λ is the string cut-off mass scale. Since one has CBg =
A−2, one has ∂ lnA/∂ϕ 6= ∂ ln m˜/∂ϕ. Therefore using
equation (23) is not appropriate in the context considered
by [7, 9, 32, 34, 45] – even if the assumption (25) was
correct.
Now, as in appendix B, let us define α0 = ∂ lnA/∂ϕ|Φ0 ,
and the coupling strength α2 by:
˜ϕ = −qα2T˜ . (26)
According to the previous discussion α0 6= α2 in general.
The conformal transformation of the Einstein metric to
the metric in the original frame involves the transfor-
mation gαβ = A
2 g˜αβ = [A
2
0 + 2c
−2 A0(∂A/∂ϕ)0 δϕ +
O(c−4)] g˜αβ , where ϕ = ϕ0+c
−2δϕ. Let us considerA0 =
1 – that simply means that one keeps the same metric’s
units in the two representations at the present epoch and
does not restrict the generality – one has A0(∂A/∂ϕ)0 =
α0 and therefore gαβ = [1 + 2c
−2 α0 δϕ + O(c
−4)] g˜αβ.
Now, from equation (21), one deduces:
c−2△w˜ = −qT˜ 00 +O(c−4), (27)
where w˜ is the scalar potential of the Einstein metric.
Therefore, from (26), one deduces:
δϕ = −α2w˜ +O(c−2). (28)
Hence one gets:
gαβ =
[
1− 2c−2 α0α2 w˜ +O(c−4)
]
g˜αβ . (29)
Developing the Einstein metric (that is such that it sat-
isfies the so-called Strong Spatial Isotropic Condition
(SSIC) – ie. g˜ij g˜00 = −δij + O(c−4) 5), one gets the
following equation for γ:
γ − 1 = − 2α0α2
1 + α0α2
. (30)
Hence, remembering that from solar system constraints
one has |α0α2| ≪ 1, γ − 1 can be positive if sign(α0) =
−sign(α2). Now, as demonstrated in appendix B, α2 =
(1 + Υ)α0 and therefore the equation for γ results to:
γ − 1 = − 2(1 + Υ)α
2
0
1 + (1 + Υ)α20
, (31)
5 It has to be noticed that from (21) and (22), one gets R˜ij −
1/2g˜ij R˜ = O(c
−4). Therefore, one can algebraically deduce that
the Einstein metric can be expressed in a set of coordinates for
which the metric satisfies the SSIC. For the derivation of this
algebraic result, see [36].
4which corresponds to the result given by equation (12)
(because α−20 = 2ω0+ 3). In particular, one recovers the
fact that γ > 1 for Υ < −1. Let us add that in the
context of the universal coupling considered in [7, 34],
that is predicted by string theory at tree level, it means
that γ > 1; while [7, 34] say that γ should be less than
one as in usual scalar-tensor theories.
V. CONCLUSION AND FINAL REMARKS
In this paper we have shown that a universal
scalar/matter coupling modifies the usual expression of
the post-Newtonian parameter γ in such a way that 1−γ
could be either positive, null or negative for finite value
of ω0; while it is usually thought to be positive only. In
particular, we pointed out that previous studies consid-
ering similar couplings have missed that fact and we gave
the reason for the apparent discrepancy.
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Appendix A: Development of the scalar field
The assumption that the scalar-field perturbation can
be developed with the same small parameter as with the
metric is justified by the field equations. Indeed, the
sources of the two field equations are both proportional
to the matter density: Lm ∼ −c2ρ and ∼ T ∼ −T 00 ∼
−c2ρ – the first equality is demonstrated in [41]; while
the others come from the post-Newtonian assumptions
as explained in [36]. Therefore, unless Φf,Φ/f is big, the
relative perturbation of the scalar field is of the order
of the relative perturbation of the metric. However, the
PN parameter γ is already measured to be very close to
1. Therefore, the relative perturbation of scalar field is
necessarily much smaller than the relative perturbation
of the metric and one does not have Φf,Φ/f big in general
– at least in the solar system’s neighborhood.
Now since the order of magnitude of the relative per-
turbation of the scalar field is at best of the order of the
relative perturbation of the metric, one can parametrize
the development of the scalar field with the same param-
eter as with the metric.
Let us stress that it is the usual procedure in post-
Newtonian developments of alternative theories of grav-
itation (see, for instance, [2, 37, 46, 47]).
Appendix B: Using the Einstein representation
The results presented in this paper do not depend on
the representation used to do the calculations. However,
it is always interesting to re-derive the calculations in the
Einstein representation in order to check the results ob-
tained while using the original representation only. The
action writes in the original and Einstein representation
respectively as follows:
S =
∫
d4x
√−g
(
ΦR − ω(Φ)
Φ
gαβ∂αΦ∂βΦ
)
+ Sm, (B1)
=
∫
d4x
√
−g˜
(
R˜−
(
ω(Φ(ϕ)) +
3
2
)
g˜αβ∂αϕ∂βϕ
)
+ Sm,
(B2)
where gαβ ≡ Φg˜αβ , √−g = Φ−2√−g˜ and ϕ ≡ lnΦ. By
definition, the material part of the action (Sm) writes:
Sm =
∫
d4x
√−g 2f(Φ)Lm(gµν ,Ψ), (B3)
=
∫
d4x
√
−g˜ 2f(Φ(ϕ))L˜m(g˜νν ,Φ,Ψ). (B4)
Therefore, by definition, one has L˜m = Φ−2Lm.
The equations of motion given by the action in the Ein-
stein representation are easily derived from (B2). How-
ever, it is not trivial to figure out what is the source σ
of the scalar-field ϕ in the Einstein representation, where
σ = (−g˜)−1/2δSm/δϕ. For instance, [7, 34] use an as-
sumption on the functional dependency of the Einstein
mass m˜ (25); instead of deriving the dependency from the
action in the original representation. In the following, we
expound the derivation of σ.
The variation of equation (B3) for relevant fields leads
to:
δSm =
∫
d4x
√−g (−f(Φ)Tαβ δgαβ + 2f,Φ(Φ)Lm δΦ) .
(B5)
Now, since one has gαβ ≡ Φg˜αβ , the variation of the
physical metric gives
δgαβ = g˜αβ δΦ + Φ δg˜αβ . (B6)
Therefore, equation (B5) writes:
δSm =
∫
d4x
√−g(−Φf(Φ)Tαβ δg˜αβ (B7)
+
[−f(Φ)g˜αβTαβ + 2f,Φ(Φ)Lm] δΦ).
Now, using Tαβ = ΦT˜αβ , T˜ ≡ g˜αβ T˜αβ, δϕ = δΦ/Φ and
Φf,Φ(Φ) = f,ϕ(Φ(ϕ)), one gets:
δSm =
∫
d4x
√
−g˜(− f(Φ(ϕ))T˜αβ δg˜αβ (B8)
−
[
1− 2f,ϕ(Φ(ϕ))
f(Φ(ϕ))
L˜m
T˜
]
f(Φ(ϕ)) T˜ δϕ
)
.
The second part of the right hand side of (B8) gives the
sought-after σ.
Now, since L˜m = Φ−2Lm and T˜ = Φ−2T , L˜m/T˜ re-
duces to Lm/T = 1 + O(c−2) [41]. Note that for non-
interacting particles (P = 0), one has L˜m/T˜ = 1 [42].
Rescaling of the scalar-field, and correction of
Damour and Polyakov’s equation for γ
While one can work with the action (B2) in the Ein-
stein representation, the scalar-field is often rescaled such
that the action writes:
S =
∫
d4x
√
−g˜
(
R˜− g˜αβ∂αϕ∂βϕ
)
+ Sm, (B9)
6where dϕ = ±
√
ω + 3/2 dϕ. In what follows we con-
sider the re-scaled action (B9) only in order to compare
our result with previous studies. Choosing the re-scaling
dϕ =
√
ω + 3/2 dϕ, one can re-write (B8) as follows:
δSm =
∫
d4x
√
−g˜(− f(Φ(ϕ))T˜αβ δg˜αβ (B10)
−
[
1− 2f,ϕ(Φ(ϕ))
f(Φ(ϕ))
L˜m
T˜
]
f(Φ(ϕ))√
ω(Φ(ϕ)) + 3/2
T˜ δϕ
)
.
Note that the second part of the right hand side gives the
source σ of the scalar-field ϕ, with σ = (−g˜)−1/2δSm/δϕ.
Also note that for the non-interacting particles treated in
[7, 34] (P = 0), one has L˜m/T˜ = 1 [42]. From (B9) and
(B10), one gets the following 1.5PN/RM [48] equation
for ϕ:
△ϕ = −α0f(Φ0)(1 + Υ)T˜ +O(c−4), (B11)
with α defined in [4] by α ≡ ∂ lnA/∂ϕ with gαβ =
A2(ϕ)g˜αβ = Φ
−1g˜αβ . In order to compare with [7, 34],
let us write:
△ϕ = −α2 f(Φ0)T˜ +O(c−4), (B12)
with
α2 ≡ α0 (1 + Υ). (B13)
Therefore, as suggested in section IV, the cou-
pling strength α2 is in general different from α0 =
∂ lnA/∂ϕ|Φ0 . On the other hand, from (B9) and (B10),
the Newtonian potential in the Einstein representation
satisfies:
c−2 △w˜ = −f(Φ0)T˜ 00 +O(c−4). (B14)
Therefore, one has gαβ = A
2 g˜αβ = (1 − 2c−2 α0α2 w˜ +
O(c−4)) g˜αβ
6. Now, remembering that the Einstein met-
ric satisfies the strong spatial isotropy condition (g˜ij g˜00 =
−δij +O(c−4)), one gets for the PN parameter γ:
γ =
1− α0α2
1 + α0α2
=
1− α20(1 + Υ)
1 + α20(1 + Υ)
, (B15)
or
γ = − 2α
2
0(1 + Υ)
1 + α20(1 + Υ)
, (B16)
where γ ≡ γ− 1. Therefore, it shows that the parameter
Υ is missing in the formula for the γ parameter given in
[7, 9, 32, 34, 45]. Accordingly, their parameter can only
be less than one (see (9) in [34] for instance); while we
have shown that, depending on the coupling function, it
could actually be either positive, null or negative.
The discrepancy comes from the wrong assumption in
[7, 34] that ∂ lnA/∂ϕ = ∂ ln m˜/∂ϕ. In (B13) we show
how the coupling strength α2 defined in (26) relates to
α0 = ∂ lnA/∂ϕ|Φ0 in general.
Now, remembering that α−20 = 2ω0 + 3, one exactly
gets (12) from (B15).
6 see section IV.
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